Global ionosphere maps are generated on a daily basis at CODE using data from about 200 GPS/GLONASS sites of the IGS and other institutions. The vertical total electron content is modeled in a solargeomagnetic reference frame using a spherical harmonics expansion up to degree and order 15. The spherical Slepian basis is a set of bandlimited functions which have the majority of their energy concentrated by optimization inside an arbitrarily defined region, yet remain orthogonal within the spatial region of interest. Hence, they are suitable for decomposing the spherical harmonic models into the portions that have significant strength only in the selected areas. In this study, the converted spherical harmonics to the Slepian bases were updated by the terrestrial GPS observations by use of the least-squares estimation with weighted parameters for local ionospheric modeling. Validations show that the approach adopted in this study is highly capable of yielding reliable results.
INTRODUCTION
A layer of atmosphere between the altitudes of about 60 to 2000 km above the Earth's surface is called ionosphere, where the solar radiation produces partially ionized plasma of different gas components. Knowledge about ionospheric electron density and its variation is essential for a wide range of applications. As a result, the ionospheric modeling has received specific attentions in numerous fields of research, including radio communications, navigations, satellite positioning, and other space technologies.
Ionospheric models are divided into three main categories: one group includes physical models, in which ionospheric changes are simulated based on the physical laws or the assumptions concerning the structure and variations of the ionosphere, e.g., the Global Assimilative Ionospheric Model (GAIM) (Schunk et al. 2004) ; another group is known as empirical models, including the International Reference Ionosphere (IRI; Bilitza et al. 2011) or the NeQuick (Angrisano et al. 2013 , Radicella et al. 2008 ; and finally the third group consists of mathematical models, which are mainly based on the observations of the ionosphere.
In the last category, mainly two approaches are applied to model the spatial distribution of ionospheric density using GPS observations, i.e., twodimensional (2-D) or three-dimensional (3-D) models of the electron density. The 3-D modeling is based on latitude, longitude, and height, in which the slant total electron content (STEC; i.e., the number of electrons which are present in a column of 1 m 2 cross-section and extend along the ray-path of the signal between global positioning system (GPS) satellites and the ground receiver) measurements are inverted into electron density distribution using tomographic approaches (for a comprehensive overview about various techniques of ionospheric density modeling, see, e.g., García-Fernández 2004) . As the distribution of permanent GPS reference stations is not globally uniform and does not supply high vertical resolution for ionospheric tomography (García-Fernández et al. 2003) , additional observations derived from ionosondes, satellite altimetry or GPS receivers on Low-Earth-Orbiting (LEO) satellites have been considered in several 3-D studies (Stolle et al. 2003 , Schmidt et al. 2008 , Zeilhofer 2008 . Due to the fact that the spatial and temporal distribution of additional observation are usually limited, they can be only applied where or when the observations are available. Therefore, the majority of the GPS-based studies, as the present study, headed towards 2-D modeling, which are fairly well addressed in Wielgosz et al. (2003) , Mautz et al. (2005) , and Liu et al. (2008) . In 2-D approaches, a single-layer model (SLM) tends to be adopted for ionospheric density changes. In this approach, therefore, it is assumed that all free electrons within ionosphere are concentrated in an extremely thin layer at a constant height. Consequent-ly, the vertical gradient of electron density changes is ignored (Schaer 1999) . From this aspect, the vertical profiles of total electron content (VTEC) should be taken into consideration. Since GPS basically provides the measurements of slant total electron content, an elevation-dependent mapping function is required to describe the ratio between the STEC and VTEC.
The single-layer models can fall into two categories of the non-grid-and grid-based maps (El-Arini et al. 1994b ). The former is based on fitting a set of arbitrary base functions, using the least-squares method, to the total electron content (TEC) observations. The chosen base functions can be polynomial functions as in Coster et al. (1992) and Komjathy (1997) ; spherical harmonics (often upto degree and order 15) as in Schaer (1999) ; trigonometric functions (Alizadeh et al. 2011) ; the B-Spline functions, which are based on Euclidean quadratic B-Spline wavelets (Schmidt 2007 , Schmidt et al. 2008 , Zeilhofer 2008 , Nohutcu et al. 2010 ; adjusted spherical harmonic function model (Schaer 1999) ; and the spherical cap harmonic functions as in Liu et al. (2010 Liu et al. ( , 2011 Liu et al. ( , 2014 . The latter is applied to model the ionospheric vertical delays at fixed ionospheric grid points (El-Arini et al. 1993 , 1994a Gao et al. 1994 , Skone 1998 , Liao and Gao 2001 .
A common way of VTEC modeling is based upon the spherical harmonic expansions, whose efficiency requires an availability of the regularly distributed global data. On the other hand, to explain high frequency ionospheric variations, one requires to increase the degree and order of the spherical harmonics. This, in fact, decreases the computational efficiency, particularly for the real-time applications due to the computational load. The bias introduced through the data cut-off at the boundaries (the Gibbs phenomenon) is another drawback to the regional modeling of the ionosphere using global spherical harmonic base functions (Mautz et al. 2005 , Schmidt 2007 ). In other words, although modeling based on the spherical harmonics is a well-understood and convenient apparatus for the global representation and analysis of the ionosphere, it lacks the flexibility to identify the spatial and spectral structure of such fields from the "spatiospectrally" mixed vantage point (Beggan et al. 2013) .
The so-called spatiospectral concentration problem can be solved by determining an orthogonal family of the strictly bandlimited functions that are optimally concentrated within a closed region of the sphere, or by considering an appropriate orthogonal family of the strictly spacelimited functions that are optimally concentrated in the spectral domain (Simons et al. 2006) . One attempt to improve the spatial selectivity of spherical-harmonic-based representations was applied based on the wavelet analysis (Simons et al. 1997) . In this approach, some selected windows, corresponding to particular spectral degree ranges, are applied via convolutions to conduct a spacespectral analysis approach (Schmidt 2007) . The drawback of methods based on wavelet analysis was that the area of the spatial (target) region scales inversely with the degree of base functions (Beggan et al. 2013) . In other words, base functions cannot be bandlimited and spacelimited at the same time. This can be exemplified by considering a spatial (binary) mask over a region of interest as: by definition, the mask is perfectly localized in the space domain, but it represents an almost infinite dimensional ringing behaviour in the spectral domain. Representing the mask by bandlimited wavelets would thus yield undesirable spectral-domain artefacts. Therefore, tapering or boxcar techniques are usually used to lose some spatial selectivity to improve spectral representation (Tegmark 1997 , Beggan et al. 2013 .
As an optimum trade-off between bandlimited and spacelimited representation, one can use the Slepian basis that can be applied as windows for spectral analysis, or as a sparse basis to represent and analyze geophysical observables on a sphere Simons 2005, Simons et al. 2006) . Such a trade off between spectral and spatial concentrations on the surface of a unit-radius sphere is optimized by constructing a particular linear combination of spherical harmonics (Simons et al. 2006) . As a result, the global signals can be decomposed effectively into the selected regional base functions, which optimally approximate the regional field and localize it over an area of interest. Thereby, the corresponding spherical-harmonic spectrum can be studied robustly.
As compared to other regional ionospheric modeling techniques, most of the aforementioned techniques do not contribute to the optimization of the field separation over regions with irregular boundaries. For instance, the spherical cap technique provides a great opportunity by reducing the lack of orthogonality of the global spherical harmonic over local regions. The method, however, requires a symmetric boundary definition when performing the fitting procedure. In contrast, we propose the use of the Slepian functions to model ionospheric changes in regions with irregular boundary shapes. This characteristic is important to assess the spectral characteristics of regions with distinct geographical property with less (spectral) contribution from the neighboring regions.
In this study, the converted spherical harmonics to the Slepian base functions was combined with the terrestrial GPS observations, using a leastsquares estimation with weighted parameters, in order to estimate local ionospheric maps.
TEC DETERMINATION
In this study, a method of measuring TEC directly from the differential code delay and carrier phase measurement on both the L1 and L2 frequencies was used. For this purpose, the carrier to code leveling process method (Ciraolo et al. 2007 , Nohutcu et al. 2010 ) was used. The necessary formula can be extracted from Gao et al. (1994) , Liu et al. (2011), and Wu et al. (2010) .
Global ionospheric model of the CODE
The center for orbit determination in Europe (CODE) is one of the international global navigation satellite system (GNSS) service (IGS) analysis centers which determine the precise GPS orbit by using IGS network observation data and provide the orbit information for the worldwide GPS users. The CODE has also produced the daily maps of the Earth's ionosphere on a regular basis since 1 January 1996. The global ionosphere map (GIM)/CODE is modeled with 256 coefficients of SH expansion up to 15 degrees and 15 orders. Thirteen GIMS and their errors at 2-hour intervals are included in a GIM/CODE data, which is accessible at ftp://ftp.unibe.ch/aiub/ CODE/. The principles of the TEC mapping technique used at CODE were described in Schaer et al. (1995 Schaer et al. ( , 1996 .
SPHERICAL SLEPIAN FUNCTIONS
Given that (i) the time-variable TEC signals are located in specific regions of interest; and that (ii) the TEC data is discretely measured by the groundbased GPS observations and, therefore, has a band limit; and that (iii) some portion of the spectrum where the error terms are expected to dominate is excluded as desired, then an orthogonal basis on the sphere, which is both optimally concentrated in our spatial region of interest and bandlimited to a chosen degree, would be expected. For this purpose, the Slepian function was used for regional ionospheric modeling.
An arbitrary real-valued, square-integrable function ( ) f r G on the unit sphere can be expressed by spherical harmonic expansions as:
where f lm is the spherical harmonic coefficient:
Y lm (r) is the real spherical harmonics of degree l and order m, which is defined for each point r on a unit sphere ȍ with colatitude ș and longitude Ȝ as:
and P lm (ȝ) is an associated Legendre polynomial. These spherical functions form a set of the orthonormal bases for the square-integrable and real-valued functions on the unit sphere. It is noteworthy that the spherical harmonics have a global support. Therefore, they are not suitable for the local data modeling. Here, we are interested in the space of the square-integrable functions with no power above the bandwidth L. That is, f belongs to the space of bandlimited functions denoted by: Simons et al. (2006) solved the problem of concentrating a real-valued function simultaneously in the spatial and the spectral domain, leading to the so-called Slepian functions. In order to localize spherical harmonic functions into a region of interest R (the target region), the optimization of a local energy criterion (Eq. 8) can be utilized. This will give a new set of functions in the sense of Slepian (1983) . They are bandlimited to the maximum spherical harmonic degree L and, at the same time, are spatially concentrated inside the target region. In other words, the Slepian basis set is merely a unitary linear transformation of the spherical-harmonic basis, but it is the spatial region of interest, built into their construction via quadratic maximization, that leads to their efficiency for the modeling of the regional signals (Beggan et al. 2013) . The spherical Slepian function can be presented as a bandlimited spherical harmonic expansion:
which is obtained by maximizing the energy concentration:
where 0 Ȝ 1 is a measure of the spatial concentration. By substituting Eq. 6 into Eq. 8, we get:
where
The elements of (L + 1) 2 × (L + 1) 2 localizing kernel D can be introduced as: 00,00 00, ,00
...
and g is the (L + 1) 2 dimensional vector, which represents a Slepian eigenfunction expressed in the spherical harmonics: 12) which is associated with the function ( ) G g r and is orthogonal over the whole sphere ȍ and over the region R. Equation 8 can be written as a classical matrix variational problem as:
The maximization of this concentration criterion can be achieved in the spectral domain by solving the algebraic eigenvalue problem (Simons et al. 2006) :
The matrix D is real, symmetric, and positive definite (Simons et al. 2006) so that the (L + 1) 2 eigenvalues Ȝ and the associated eigenvectors g are always real (Horn and Johnson 1991) .
When the signal g(r) is local, it can be approximated using the Slepian expansion truncated at the Shannon number N (Percival and Walden 1993):
where A is the area of the region as a fraction of the whole sphere. The data can be approximated, yet with very good reconstruction properties within the region by (Simons 2010 
Converting spherical-harmonic coefficients into Slepian coefficients
As already said, spherical surface harmonics are functions of global support that can be converted, by a unitary linear transformation, into a spherical Slepian basis whose energy is concentrated onto specific patches of the sphere (Wieczorek and Simons 2005 , Simons et al. 2006 , Beggan et al. 2013 . The goal of this section is to convert spherical surface harmonics which are functions of the global support into a spherical Slepian basis whose energy is concentrated onto the specific patches of the sphere by a unitary linear transformation. The known harmonic field V(ș, Ȝ) can be localized inside a default region by:
where f is a spherical harmonic coefficient (in this case, the CODE global ionospheric model), g is a localization matrix (Eq. 7). Figure 1 illustrates the steps for this procedure schematically.
COMBINING SLEPIAN COEFFICIENTS BY THE TERRESTRIAL GPS OBSERVATIONS
After converting spherical harmonics to Slepian coefficients, they were combined with the Slepian coefficients obtained by the terrestrial GPS observations with the help of the least-squares adjustment with weighted parameters, as discussed in detail by Mikhail and Ackermann (1976) . The normal equation can be obtained by:
where A is the n × u coefficient matrix with full column rank; n is the total number of observations; u is the number of unknowns; that is, the total number of unknown Slepian coefficients collected in the u × 1 vector X; P l is the known positive definite n × n weight matrix of the observations collected in the n × 1 vector l; H is the identity matrix and l x contains a priori Slepian coefficients value (the converted spherical harmonics coefficients) with weight matrix P x . 
RESULTS AND DISCUSSION
The regional VTEC modeling in this study is based on the ground-based GPS observations collected across the western part of the United States of America (USA). The 24 h observations of 30 stations belong to IGS networks, are obtained through the internet, and the sampling rate of the measurements is 30 s. The distribution of the stations has been illustrated in Fig. 2 . In order to solve STEC from observations, the receiver interfrequency biases (IFBs) were calculated using the Bernese GPS software v5.0 and the IFB values for the satellite were obtained from the CODE. The STEC and VTEC values for each observation were computed as described in Section 1. The altitude for the single layer model was set to 400 km for the calculation of VTEC and the elevation cut-off angle of 15° was used. The precise orbit files, provided by several IGS agencies, were interpolated to determine satellite positions. These TEC measurements contain the ionospheric electron density information about region above the GPS network and are used as the input data for the ionospheric modeling. The spherical harmonic coefficients from Global Ionospheric Maps provided by the CODE, an analysis center within the IGS, were used for the localization approach. The data contains a full set of coefficients to degree and order 15 (i.e., n max = 15) and represents the ionosphere as an infinite thin layer at a height of 400 km.
In order to assess the obtained results, at first the comparison between the localized ionospheric model and the global ionospheric model -a series of spherical harmonics adapting a single-layer model in a sun-fixed reference frame (Schaer 1997 ) í was made. The statistics of the comparison have been shown in Table 1 over a typical day and the day number 1 for year 2000 (a year of maximum solar activity), year 2003 (a year of moderate solar activity), and year 2006 (a year of minimum solar activity). Figure 3 illustrates the Kp index for the mentioned year. This table shows the differences between the VTEC obtained from the global spherical harmonic coefficients and that from the ground-based GPS observations. Also, it reveals the discrepancy between the VTEC obtained from the localized coefficients and that from the ground-based GPS observation. The results obtained from the latter are much less than those from the former, indicating the high capability for the proposed method. Then the comparison between the modeling using the terrestrial GPS and the combined model was made. In other words, at the first step, the Slepian coefficients were obtained using only the ground-based GPS observations and at the next step, these coefficients were combined with the localized coefficients (Eq. 17) utilizing the weighted least-squares method.
For this purpose, the VTEC 2-D modeling was done as a function of the geomagnetic latitude ȕ and the sun-fixed longitude s for a specified time interval [t min , t max ] (Schaer et al. 1995 , Wielgosz et al. 2003 , Sharifi and Farzaneh 2014 :
where Y lm (ȕ, s), g n (ȕ, s), and Ȧ are the spherical harmonic, spherical Slepian function, and unknown coefficient, respectively. The 2-D analyses were conducted assuming that the ionosphere is static for the modeling period by neglecting the relatively small temporal variations in the ionosphere as a function of the geomagnetic latitude ȕ calculated by: 0 0 0 sin sin sin cos cos cos ,
where ĳ 0 and Ȝ 0 are the geographical coordinates of the geomagnetic pole, ĳ g and Ȝ g are the geographical longitude and latitude of default point. The sunfixed longitude s can be defined as (Schaer et al. 1995 , Wielgosz et al. 2003 : 
where s is in degree and UT is the universal time in hour. The root-meansquare-error (RMSE) value for the residuals is 0.745 Total Electron Content Units (TECU) for 1 January 2013 from t = 00:00:00 UT to t = 02:00:00 UT. Finally, the converted spherical harmonics were updated by the terrestrial GPS observations for the same period. In this case, the RMSE is 0.521 TECU. The VTEC map of the 2-D modeling for the mid-point of the modeling period (01:00:00 UT) and the combined model have been plotted in Fig. 4 . The results indicate that by the use of the Slepian functions, an improvement was made.
SUMMARY AND CONCLUSIONS
The knowledge of the ionospheric electron density and its variation is essential for a wide range of applications, such as radio telecommunications, satellite tracking, earth observation from space, and satellite navigation. In this study, a spatiospectral localization analysis was conducted utilizing the Slepian basis functions and by use of their properties, the spherical-harmonic coefficients of the GIM were converted into equivalent Slepian coefficients. The results show that the method is novel and efficient in representing and analyzing the regional signals. Besides this, the Slepian coefficients derived from the terrestrial GPS observations were combined with the localized spherical harmonic with the help of the least-squares adjustment, indicating that the combined model is suitable for the regional VTEC modeling rather than the 2-D Slepian modeling.
